Let G = (V, E) be an edge-colored graph, i.e., G is assigned a surjective function C : E → {1, 2, · · · , r}, the set of colors. A matching of G is called heterochromatic if its any two edges have different colors.
Introduction
We use Bondy and Murty [5] for terminology and notations not defined here and consider simple graphs only.
Let G = (V, E) be a graph. By an edge-coloring of G we mean a surjective function C : E → {1, 2, · · · , r}, the set of colors. If G is assigned such a coloring, then G is called an edge-colored graph or, simply colored graph. Denote the colored graph by (G, C). We call C(e) the color of the edge e ∈ E. Note that C is not necessarily a proper edge-coloring, i.e., two adjacent edges may have the same color. For a subgraph H of G, let C(H) = {C(e) : e ∈ E(H)}.
A subgraph H of G is called monochromatic if its any two edges have the same color, whereas H is called heterochromatic, or rainbow, or multicolored if its any two edges have different colors. For a vertex v of G, the color neighborhood CN(v) of v is defined as the set {C(e) : e is incident with v} and the color degree d c (v) = |CN(v)|. There are many publications studying monochromatic or heterochromatic subgraphs, done mostly by the Hungarian school, see [3, 18] and the references in [6] . Very often the subgraphs considered are paths, cycles, trees, etc. The heterochromatic hamiltonian cycle or path problems were studied by Hahn and Thomassen [15] , Frieze and Reed [13] , Albert, Frieze and Reed [2] , and Chen and Li [8] . For more references, we refer to [3, 12, 15] .
In the present paper we are interested in large heterochromatic matchings. which the maximum matching problem is solvable in polynomial time (see [19] ), the maximum heterochromatic matching problem is NP -complete, even for bipartite graphs, see [14] . Heterochromatic matchings have been studied in [17] and [20] .
In [21] , Li and Wang considered large heterochromatic matchings under color degree conditions, and they got the following result. We will improve their result by proving that for a bipartite graph B if d c (v) ≥ k for every vertex v of B, then B has a heterochromatic matching with cardinality at least k − 1. By taking B = K n,n and k = n, our result solves a conjecture by Stein and Brualdi on the transversals of latin squares.
Preliminaries
In order to present our main results, we need the following lemma and some definitions. (2) If M is a perfect heterochromatic matching of (B, C), then we cannot do the transform on any maximum (perfect) heterochromatic matching.
and v is M-unsaturated, then we cannot do the transform on any maximum heterochromatic matching.
Main result
In this section, we give our main result and its proof. Proof. It is easy to see that for k = 1 and k = 2, any colored edge of B is a heterochromatic matching with cardinality 1, and hence the conclusion holds.
So, in the following we always assume k ≥ 3 .
Firstly, without loss of generality, let X = {x 1 , x 2 , · · · , x m } and Y = {y 1 , y 2 , · · · , y n }. Let M * be a maximum heterochromatic matching of B, by contradiction, its cardinality is at most k − 2. Without loss of generality, set M * = {x 1 y 1 , x 2 y 2 , · · · , x t y t }. Then t ≤ k − 2 and |C(M * )| ≥ 2. Denote the subgraph H = B[{x 1 , x 2 , · · · , x t+1 , y 1 , y 2 , · · · , y t+1 }].
Since
For any edge e ∈ E(B), if a color c ∈ C(B) cannot be assigned to e, we say that c is a forbidden color for e, that is, if C(e) = c we can get a new heterochromatic matching of B with t + 1 edges, a contradiction to the maximality of M * . The set of all forbidden colors of e is denoted by F c (e).
Then, by successively doing the transform on maximum heterochromatic
, that is, there is no color in C(B) which can be assigned to the edge x t+2 y u , a contradiction to that C is a coloring of B.
Proof. If not, there is an edge x j y i for j ∈ {t+1, · · · , m} and i ∈ {t+1, · · · , n} such that C(x j y i ) ∈ C(M * ). Then we get a new heterochromatic matching
Especially, from Claim 1 each color in C(M * ) cannot be assigned to the
Therefore, we do t times of the transform on maximum heterochromatic matchings. Every time we start from M * and select different edge x t+1 y i (i ∈ {1, 2, · · · , t}) as an input edge, then the output edge is a different edge x i y i ∈ M * and the color C(x i y i ) = i cannot be assigned to the edge x t+2 y u , i.e., i ∈ F c (x t+2 y u ). Otherwise, the color i can be assigned to the edge x t+2 y u , then we get a new heterochromatic matching
So, when we finish these t times of the transform on the maximum heterochromatic matchings,
, let one of the two colors be t + 1. From Lemma 2.1, without loss of generality, let C(x t+1 y t ) = t + 1. Do the transform on maximum het-
, and x t and y t+1 are M 1 -unsaturated in H. Note that we only consider the subgraph H.
Otherwise, C(x t y t+1 ) ∈ C(M 1 ) or the color t can be assigned to the edge x t+2 y u , then we get a new heterochromatic matching
It is easy to see from Step 1 that for every maximum heterochromatic matching M obtained from doing the transform on maximum heterochromatic
Step 2. Since d c (y t+1 ) ≥ k, there are at least two colors in CN(y t+1 ) ∩ C(M 1 ). There are at most t+1 colors in CN(y t+1 )∩{1, 2, · · · , t+1}, then there is at least one color in CN(y t+1 )∩C(M 1 )\{1, 2, · · · , t+1}, let this color be t+2.
Then from Lemma 2.1, let C(x t−1 y t+1 ) = t+2. Do the transform on maximum
,
, and the color t − 1 ∈ F c (x t+2 y u ). Otherwise, C(x t y t−1 ) ∈ C(M 2 ) or the color t − 1 can be assigned to the edge x t+2 y u , then we get
We continue doing the transform on maximum heterochromatic matchings. In every Step i (i ≥ 3), from Lemma 2.1 there is no edge x p y q in H such that C(x p y q ) ∈ C(M i−1 ), where x p and y q are M i−1 -unsaturated. Then, when doing the transform on maximum heterochromatic matchings, we obey the following rules of selecting an input edge: we prior select the edge x j y s
Then the output edge is x j y j (or x s y s ). We do the transform on maxi-
Otherwise, we get a new heterochromatic matching
If there is no such edge x j y s , we select the edge x l y r as an input edge such that C(x l y r ) ∈ C(M i−1 ) and From the rules of selecting an input edge, we have the following Claim 2 and Claim 3. 
Step i. And, without loss of generality, let x i 1 y i 1 , x i 2 y i 2 , · · · , x i t−1 y i t−1 ∈ M i+l−1 and
So, x i t+1 and y i t are M i+l−1 -unsaturated, and there are at least two colors in CN(
Step i + l, that is, the input edge must be x i t y i t in Step i + l, then there is only one color c in CN(y i t ) ∩ C(M i+l−1 )\C(x i t y i t ) such that C(x i j y i t ) = c for j ∈ {1, 2, · · · , t − 1} and x i j y i t ∈ M i+l−2 . Otherwise, there are least two colors c 1 and
i.e., we can select the other edge x i j 2 y i t as an input edge in Step i + l, so M i+l = M i , a contradiction. Or, the edge x i j y i t / ∈ M i+l−2 , then we can select it as an input edge in
Step
On the other hand, because the input
where p ∈ {1, 2, · · · , t − 1, t + 1}, so we can select the edge x i t+1 y i j as an input
, a contradiction to that there is no color in CN(x i t+1 ) ∩ C(M i+l−1 ). From Claim 2 it is not difficult to see that any two maximum heterochromatic matchings obtained from doing the transform on maximum heterochromatic matchings are different. So we can successively do the transform on maximum heterochromatic matchings. Therefore, we have 
Proof. If not, there is no color in
. That is to say, the considered subgraph H M i−1 in Step i − 1 reaches the maximum with cardinality f (f ≤ i). Note that
C(x q j y q j ) = q j ∈ F c i−1 (x t+2 y u ) for q j ∈ {1, 2, · · · , t} and j = 1, 2, · · · , f − 1.
Then q 1 = t and q 2 = t−1. Without loss of generality, let x k 2 ∈ H M i−1 ∩X and
And there are f − 1 edges in H M i−1 ∩ M i−1 , let them be x p 1 y r 1 , x p 2 y r 2 , · · · , x p f −1 y r f −1 , where p j ∈ {q 1 , · · · , q f −1 , t + 1}\{k 2 }, r j ∈ {q 1 , · · · , q f −1 , t+1}\{k 1 } and j = 1, 2, · · · , f −1. The other edges in M i−1 \{x p 1 y r 1 , · · · , x p f −1 y r f −1 } are the edges in M * \{x q 1 y q 1 , · · · , x q f −1 y q f −1 }.
Since there is no color in C(M * )\F c i−1 (x t+2 y u ) added to F c i−1 (x t+2 y u ), from the rules of selecting an input edge and Lemma 2.1 every color µ in CN(x k 2 ) ∩ C(M i−1 ) satisfies µ = C(x k 2 y j ) for j ∈ {q 1 , q 2 , · · · , q f −1 , t + 1}\{k 1 }, and every color η in CN(y k 1 )∩C(M i−1 ) satisfies η = C(x j y k 1 ) for j ∈ {q 1 , q 2 , · · · , q f −1 , t+
When doing the transform on maximum heterochromatic matchings in Step g (g ≥ i), the input edge x l y s satisfies:
Since there is no color in C(M * )\F c i−1 (x t+2 y u ) added to F c i−1 (x t+2 y u ) from Step i and from Lemma 2.1 we have C(x l y s ) / ∈ {1, 2, · · · , t}\{q 1 , q 2 , · · · , q f −1 }, so the difference of M g and M g−1 are the edges that are in H M i−1 and have colors not in {1, 2, · · · , t}\{q 1 , · · · , q f −1 }. We also have that x l and y or y s and x are M g−1 -unsaturated in H M i−1 , where y ∈ {y q 1 , y q 2 , · · · , y q f −1 , y t+1 }\{y s } and x ∈ {x q 1 , x q 2 , · · · , x q f −1 , x t+1 }\{x l }. So, if x l and y are M g−1 -unsaturated, every color ι in CN(x l ) ∩ C(M g−1 ) satisfies ι = C(x l y j ) for y j ∈ {y q 1 , y q 2 , · · · , y q f −1 , y t+1 }\{y}, and every color α in CN(y) ∩ C(M g−1 ) satisfies α = C(x j y) for j ∈ {q 1 , q 2 , · · · , q f −1 , t + 1}\{l}; if y s and x are M g−1 -unsaturated, every color β in
and every color ε in CN(x) ∩ C(M g−1 ) satisfies ε = C(xy j ) for j ∈ {q 1 , q 2 , · · · , q f −1 , t + 1}\{s}. So, when finish Step g we have F cg (x t+2 y u ) = F c g−1 (x t+2 y u ) = · · · = F c i−1 (x t+2 y u ), since the colors of the input edge and the output edge are in F c i−1 (x t+2 y u ).
Therefore, in
Step i, without loss of generality, let x k 2 y r 1 be not in M i−2 and C(x k 2 y r 1 ) ∈ C(M i−1 ), then take the edge x k 2 y r 1 as the input edge, the output edge is x p 1 y r 1 . So, we get a new maximum heterochromatic matching
, and x p 1 and y k 1 are M i -unsaturated. We also have F c i (x t+2 y u ) = F c i−1 (x t+2 y u ).
We successively do the transform on maximum heterochromatic matchings from M i and follow the rules of selecting the input edge above. Without loss of generality, let x l and y be M g−1 -unsaturated (g ≥ i + 1). Since
been obtained in foregoing steps. That is, we get a circuit from the maximum heterochromatic matching M z+1
Step z + 1, a contradiction to Claim 2. So there is at least one edge e = x z y a or e = x a y z
we select the edge x z y a or x a y z as the input edge, then the output edge is
x a y a ∈ M * \{x q 1 y q 1 , x q 2 y q 2 , · · · , x q f −1 y q f −1 } and the color C(x a y a ) ∈ F c (x t+2 y u ), i.e., C(x a y a ) is added to F cz (x t+2 y u ) = F c i−1 (x t+2 y u ), a contradiction to that there here is no color in C(M * )\F c i−1 (x t+2 y u ) added to F c i−1 (x t+2 y u ) from some
Step i (i ≥ 3).
Therefore, there is a new color in C(M * ) successively added to F c (x t+2 y u ) with doing the transform on maximum heterochromatic matchings, that is to say, we can get a new maximum heterochromatic matching
The proof of Theorem 3.1 is complete.
From Theorem 3.1, the following result follows immediately. Corollary 3.2. Let (K n,n , C) be a properly colored complete bipartite graph, then it has a heterochromatic matching with cardinality at least n − 1.
The following example shows that the lower bound in Theorem 3.1 is best possible for k is even. Let B = K n,n with X = {x 1 , x 2 , · · · , x n } and Y = {y 1 , y 2 , · · · , y n }, where n is even. The edge-coloring C of B is given by C(x i y i ) = 1 for i = 1, 2, · · · , n,
where j = 2, 4, · · · , n − 2, and when j = n there is C(x n 2 +i y i ) i = 1, 2, · · · , n 2 C(x i− n 2 y i ) i = n 2 + 1, · · · , n    = n.
Using a computer, one can find all the matchings of this (K n,n , C) to see that the cardinality of its maximum heterochromatic matchings is not n. However, the bound in Theorem 3.1 for k odd might be improved.
Transversals of latin squares
As a conclusion, we point out a strong relation of our result with the transversals of latin squares. Suppose L is a n×n matrix such that each cell is assigned one of the n symbols 1, 2, · · · , n. If each row and each collum of L has exactly one of the symbols, then L is called a latin square. A transversal of a latin square L is a set of n cells of L such that no two of the cells are taken from the same row or same collum. A partial transversal of L is a subset of a transversal.
A (partial) transversal of L is called latin if no two of the cells have the same symbol. A (partial) transversal of an m × n matrix is defined similarly. For details we refer to [24, 25] .
Ryser [22] conjectured that every latin square of odd order has a latin transversal. Moreover Stein [24] and Brualdi [9] conjectured that every latin square of order n has a partial latin transversal of size at least n − 1. The conjectures remains unsolved. There are many publications on the lower bound for the size of a maximum transversals, see [24, 7, 23] and the references therein.
For more results, we refer to [10, 25, 11, 1, 4, 26] . Notice that a latin square of order n corresponds to a proper edge-coloring of the complete bipartite K n,n with n colors, a transversal of a latin square corresponds to a perfect matching of K n,n and a latin transversal of a latin square corresponds to a perfect heterochromatic matching K n,n . So, Corollary 3.2 solves the conjecture of Stein and Brualdi.
Theorem 4.1. Every latin square of order n has a partial latin transversal of size at least n − 1.
